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A coupled � nite volume/dual reciprocity boundary element method is developed to solve the transient conjugate
heat transfer problem of convective heat transfer over and conduction heat transfer within a solid body. In this
approach, the � ow� eld and forced convection heat transfer external to the body is resolved by numerically solving
the time-dependent Navier–Stokes equations using a � nite volume method, whereas the temperature � eld within
the body is resolved by numerically solvingthe heat conductionequation using a dual reciprocity boundaryelement
method. The boundarydiscretization utilized to generate the computationalgrid for the external � ow� eld provides
the boundary discretization required for the boundary element method. Coupling of the two � elds is accomplished
by enforcing interface continuity of heat � ux and temperature. Transient heat transfer data needed to verify the
code were obtained in a series of experiments thatare reported. Details of the experimental setup and test conditions
are provided. Numerical simulations of the experiments show good agreement with obtained experimental data.

Nomenclature
a = nonlinear diffusivity, function of w
C( n ) = free term in boundary element method (BEM)

equations
c = speci� c heat
D = diagonal matrix
E(x , n ) = negative of normal derivative of T ¤ multiplied by k
e = speci� c energy
F = dual reciprocity BEM (DRBEM) interpolating matrix
Fc = x component of convective � ux vector
Fd = x component of diffusive � ux vector
f = expansion function
G = BEM in� uence matrix multiplying vector of nodal

� uxes
Gc = y component of convective � ux vector
Gd = y component of diffusive � ux vector
H = BEM in� uence matrix multiplying vector of nodal

temperatures
h = speci� c enthalpy
h ¤ = half-channelheight
k = thermal conductivity
k0 = reference thermal conductivity
L = number of additional DRBEM expansion points
N = number of BEM nodes
P = DRBEM interpolating matrix
Pe = Peclet number
Pr = Prandtl number
p = pressure
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pk = negative of normal derivative of u k multiplied by k
q(x) = heat � ux vector
r (x , n ) = Euclidean distance between source (n )

and � eld point (x)
T = temperature
TB = bulk temperature
TW = wall temperature
T0 = reference temperature
T ¤ = Green’s free space solution
t = time
u = x component of velocity
v = y component of velocity
W = vector of conserved variables
x = location of � eld point
a = dual reciprocity method expansion coef� cient
C = boundary of domain X
c = speci� c heat ratio
D t = time step
h t , h q = weighting parameters in DRBEM

time-marching scheme
l = dynamic viscosity
n = location of source point
r = normal viscous stress
s = viscous shear stress
U = DRM interpolating matrix
u = DRM expansion function
w = Kirchhoff parameter
w 0 = reference Kirchhoff parameter
X = domain

Introduction

N UMERICAL simulations of highly complex � ow geometries
are continually improving. This has been made possible by

advancements in grid generation and development of robust and
ef� cient computational algorithms. Coupled � eld analysis, which
arises from such engineering problems as conjugate heat transfer
(CHT) analysis, requires further algorithmic development. In this
paper we address the solution of the transient conjugate problem:
time-dependent convective heat transfer over and conduction heat
transfer within a solid body. The solid body may be a cooled turbine
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blade, a thrust vector control vane in a rocket, a nozzle or combus-
tor wall; that is, the application of interest is any thermal system in
which multimode heat transfer is of particular importance to ther-
mal design. CHT arises naturally in most heat transfer applications
where the external and internal temperature � elds are coupled, in
turbomachinery, for instance. However, conjugacy is often ignored
in most numerical simulations, and a constant wall temperature or
heat � ux boundary condition is imposed. However, because of the
maturity of current numerical methods, there has been a resurgence
in interest in CHT.

There are several algorithmic approaches that can be taken to
solve the conjugate problem. Most methods are based on either the
� nite elements method (FEM) or the � nite volume method (FVM)
and, in either case, require complete meshing of both � uid and solid
regions while enforcing solid/� uid interface continuity of � uxes
and temperatures. For instance, Comini et al.1 develop a physically
based FEM for conjugate problems requiring � nite element mesh-
ing of both the solid and � uid regions. They develop separate � nite
element discretizations of the convective and diffusion equations
and apply their technique to CHT in pipes and groundwater � ow
cooling of a slab. On the other hand, Shyy and Burke2 discretize
the same nondimensional energy equation for solid and liquid re-
gions using � nite volume methods and harmonic mean evaluation
of interface properties.Their method requires discretizationof both
solid and liquid regions.They investigateeffectsof liquid/solid con-
ductivity ratios on iterative convergenceof relaxation schemes, and
they present techniques to enhance convergence for the nonlinear
conductivity case. Blank3 adopts line successive overrelaxation to
solve the implicit equations resulting from � nite differencingof the
convective equations on a staggered grid coupled to � nite differ-
enced equations of the radially symmetric diffusion equation by
enforcement of interface continuity of temperature and heat � ux.
This method again requires meshing of both domains. Imlay et al.4

and Kao and Liou5 develophybridstructured/unstructuredgrid cou-
pling methods in an attempt to overcome dif� culties arising from
the tedious mesh generation required to solve heat conduction us-
ing FVM in intricate geometries such as encountered, for instance,
in turbomachinery components. Imlay et al.4 present results from
a time-accurate coupled algorithm, whereas Kao and Liou5 present
steady-state results. Hassan et al.6 develop a conjugate algorithm
that is a loose coupling of an FVM-based computational � uid dy-
namics (CFD) code to a � nite element materials response code to
predictablationpro� les in hypersonicreentryvehicles.This method
requires coupling of structured � ow solvers and unstructured heat
conduction solvers in a quasi-transient CHT solution tracing the
reentry vehicle trajectory.

A different approach is taken by Li and Kassab7 and Kassab
and Li8 which the authors develop a conjugate algorithm that does
not require meshing of the solid region to resolve the heat conduc-
tion problem. In particular, the authors couple the boundary ele-
ment method (BEM)9 to an FVM Navier–Stokes solver to solve the
steady-state compressible subsonic CHT problem over cooled and
uncooled turbine blades. Because of the boundary-only discretiza-
tion nature of the BEM, the onerous task of grid generation within
intricate solid regions is avoided. Here, the boundary discretization
utilized to generate the computational grid for the external � ow-
� eld provides the boundary discretization required for the BEM. In
cases where the solid is multiply connected, such as a cooled tur-
bine blade, the interior boundary surfaces must also be discretized
and supplied as input; however, this poses little additional effort.
Moreover, in addition to eliminating meshing the solid region, this
BEM/FVM method offers an additional advantage in solving CHT
problems that arises because nodal unknowns that appear in the
BEM are the surface temperatures and heat � uxes. Consequently,
solid/� uid interfacial heat � uxes that are required to enforce con-
tinuity in the CHT problem are naturally provided by the BEM
conduction analysis, unlike FVM and FEM where heat � uxes are
computed in a postprocessing stage by numerical differentiation.
He et al.10,11 adopted this approach in further studies of CHT in
incompressible� ow in ducts subjected to constant wall temperature
andconstantheat � ux boundaryconditions.Kontinos12 also adopted

the BEM/FVM coupling algorithm to solve the CHT over metallic
thermal protection panels at the leading edge of the of the X-33 in
a Mach 15 hypersonic � ow regime.

In this paper we further develop the BEM/FVM couplingmethod
to solving time-accurate CHT in compressible � ows in the su-
personic regime. A dual reciprocity BEM (DRBEM)13,14 is cho-
sen to solve transient conduction, and this code is coupled to one
of two FVM Navier–Stokes solvers, GASP15 and NASFLO.16,17

Coupling of the two � elds is accomplished by enforcing interface
continuity of heat � ux and temperature, and the coupling algo-
rithm is discussed later. Each of the codes comprising the coupled
DRBEM/FVM solver have been separately calibrated, and results
from these codes have been reported in the literature. However,
the coupled CHT solver requires validation itself, and attempts to
� nd transient heat transfer data revealed that most available data
reported in the literatureare lacking all of the necessary experimen-
tal parameters, thereby rendering numerical modeling of the actual
experiment impossible. Consequently, transient heat transfer data
needed to verify the coupled code were obtained in a series of ex-
periments and are reported herein. Three wind-tunnel models were
used to obtain transientdata for validation: a 10-deg sharp cone and
a three-dimensional 12.5-deg blunted cone cylindrical model were
instrumented and used for wind-tunnel calibration, whereas a two-
dimensional12.5-degblunted wedge was used for the conjugateex-
periment.The sharp nose cone was instrumentedwith pressure taps,
whereas the blunt nose test models were instrumented with thermo-
couples and pressure taps. The University of Central Florida (UCF)
high-speed wind tunnel was used to gather experimental data. Test
runs were performed at a supersonicMach number to trace transient
temperatures within and pressures over the test models. Numerical
simulations of the experiments were also undertaken, and details
of the experimental setup, test conditions, and relevant parameters
are provided. Experimental data and numerical CHT modeling pre-
dictions were shown to be in close agreement, thus, verifying the
accuracy of the proposed DRBEM/FVM conjugate solver.

Governing Equations and Numerical Algorithm
The governing equations for the � uid � ow are the compressible

time-dependentNavier–Stokesequations,whereasthe transientheat
conduction equation is used to resolve the temperature � eld in the
solid region. These two codes are coupled by enforcing � uid/solid
interface continuity of temperature and heat � ux. Each code is de-
scribed separately and the coupling algorithm is then provided.

Fluid Flow and Navier–Stokes Solvers
Problems considered in this paper are two dimensional, although

the proposed approach is not limited to two dimensions. The gov-
erning equations for external � uid � ow and heat transfer are the
time-dependent compressible Navier–Stokes equations that can be
written in integral form as

*
X

@W
@t

dV + *
C

(F dy ¡ G dx) = 0 (1)

where X in this case is the � nite volume domain and C is the bound-
ing surface of the domain (� nite volume) X . In a two-dimensions,
the vectors F and G are
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where q is the density and l is the dynamic viscosity of the � uid.
We employ the Baldwin–Lomax18 algebraic turbulence model to
calculate eddy viscosity and turbulent transport coef� cients. The
effective viscosity and thermal conductivity are given by

l = l l + l t , k = c / ( c ¡ 1)[( l l / Prl) + ( l t / Prt )] (5)

where the subscripts l and t are laminar and turbulent values, re-
spectively. The turbulent Prandlt number is set to 0.9 (Ref. 19), and
the laminar Prandtl number was set to 0.71 for air.

In both the NASFLO and GASP solvers used in this study,
the Navier–Stokes equations were discretized using a cell-centered
FVM. NASFLO16,17 uses an implicit upwind scheme based on the
� ux vector splitting method described by Whit� eld20 and Whit� eld
and Janus21 along with a min-mod � ux limiter. GASP is also an
implicit code using approximate factorization, and it was run in all
cases reportedhereinunder the Van Leer � ux-vectorsplittingoption
with a min-mod � ux limiter. Both codes use the Baldwin–Lomax18

turbulence model.

Heat Conduction and DRBEM Solver

The governing equation for temperature in an isotropic heat con-
ducting medium with no energy generation is

r ¢ (k r T ) = q c
@T

@t
(6)

In the BEM, transient problems can be solved by one of three basic
methods. In the � rst, a transient fundamental solution is used to
generatea correspondingtransientboundaryintegralequation.9 The
second approachuses the Laplace transformto convert the transient
problem to a boundary value problem in Laplace space, which is
solved by BEM, and the solution is subsequently inverted back to
real time numerically.22 The third approachrelies on the steady-state
fundamentalsolutionof the correspondingsteady-stateequationand
the dual reciprocitymethod to expandthe time derivative.14 Here, we
adopt the latter method and brie� y review the DRBEM formulation
for heat conduction in which the right-hand side of the diffusion
equation (6) is � rst expanded in series as

q c
@T

@t
=

N + L

k̂ = 1

a k r 2 u k (7)

where N is the number of BEM boundary nodes at which dual
reciprocity points are collocated and L is the number of additional
internaldual reciprocitypoints.The functionsuk are de� ned shortly.
Substitution of Eq. (7) into Eq. (6) leads to

k r 2T =
N + L

k̂ = 1

a k r 2 u k (8)

We considera two-dimensionalproblem.Consequently,we multiply
both sides of Eq. (8) by the two-dimensional fundamental solution
to the Laplace equation, T ¤ (x, n ) = ¡ r (x, n ) / 2p k, where r is
the radial distance between the � eld point x and the source point n ,
and by integrating over the domain, there results

*
X

T ¤ (x , n )[k r 2T (x)] d X =
N + L

k̂ = 1

a k *
X

T ¤ (x , n ) r 2 u k (x) d X

(9)

By applicationof Green’s � rst identity twice to both sides of Eq. (9),

C( n )T ( n ) +K
C

[q(x)T ¤ (x , n ) ¡ E(x , n )T (x)] d C

=
N + L

k̂ = 1

a k{C ( n ) u k ( n ) +K
C

1
k
[pk(x)T ¤ (x , n )

¡ E(x , n ) u k (x)]d C } (10)

where the following notation is used: q(x) = ¡ k r T ¢ n̂, pk(x) =
¡ k r u k ¢ n̂, and E (x, n ) = ¡ k r T ¤ ¢ n̂. The outward-drawn normal
to the boundary C is n̂. The free term C( n ) is equal to one when the
source point n lies within the domain, and it is equal to the angle
by which the local tangent turns at the source point n divided by
2 p when n lies on the boundary. After introducing a pattern of N
boundary nodes and introducing boundary elements to model the
boundarygeometry and temperatureand � ux distributions,Eq. (10)
can be expressed in matrix form as shown by Partridge et al.14:

Gq ¡ HT =
N + L

k̂ = 1

a k {Gpk ¡ HÁk } (11)

The in� uence coef� cient matrices G and H are evaluated numer-
ically using adaptive Gauss-type quadratures. In this work, subpa-
rameteric constant elements are used consistently. The geometry is
modeled using linear shape functions, whereas the temperature and
� ux are modeledas piecewiseconstantover each boundaryelement.
The use of subparametricelements in the BEM discretizationis ad-
vantageous for the application at hand. In particular, such elements
have the unknown located at the center of the element and match
the cell-centeredgeometric arrangement of the FVM code, thus of-
fering a seamless means of matching both codes. From Eq. (7), the
vector ®k can be expressed as

q c
@T

@t
=

N + L

k̂ = 1

®k fk (12)

where the functions fk satisfythe following: fk = r 2 u k . Collocating
Eq. (12) at the N + L dual reciprocity expansion points leads to

q c( @T

@t ) = F® (13)

Inverting the interpolatingmatrix F to solve explicitly for the vector
of expansion coef� cients ® allows Eq. (11) to be recast as

HT ¡ Gq = C ( @T

@t ) (14)

where the capacitance matrix C is

C = ¡ q c{G P ¡ H U }F ¡ 1 (15)

where the matrices U and P are obtained by evaluating the ex-
pansion functions u k and their normal derivatives pk at every dual
reciprocity point, respectively. The � nal step in DRBEM for the
diffusion equation involves the � nite differencing of the temporal
derivative in Eq. (14) and the approximation of the nodal tempera-
tures and � uxes. Applying a � rst-order � nite difference in time and
using parameters h t and h q to position the temperature vector T and
the � ux vector q between the time steps p and p + 1 yields

( D t h t H ¡ C)T p + 1 ¡ ( D t h q G)qp + 1

= [D t ( h t ¡ 1)H ¡ C ]T p + D t (1 ¡ h q )Gqp (16)
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where the right-hand side is known from the previous time step
p. On introduction of the boundary conditions, Eq. (16) is solved
for the temperature evolution. In our code we use a fully implicit
formulation, h t and h q = 1. Note that the DRBEM equationsprovide
the time history of boundary temperatureand heat � uxes in the solu-
tion process [Eq. (16)]. The dual reciprocityexpansionfunctions fk

that are used are the standard radial basis functions,23 fk = rk + 1,
where rk is the radial distance from every � eld point to the kth
dual reciprocity point. The expressions pk and u k follow from their
de� nitions.

Another advantage of using the DRBEM for transient conduc-
tion is that the nonlinear heat conduction problem can be accom-
modated for those cases encounteredin a high-temperatureenviron-
ment for which the variation of k with temperature is signi� cant.
In such cases, the classical Kirchhoff transformation24 is � rst ap-
plied to de� ne a new dependent variable w through the relation,
d w /dT = k(T ). Thus, this transformation de� nes w as a single-
valued monotonically increasing function of T that is actually the
integral of the k vs T curve:

a) DRBEM grid for numerical solution of heat conduction equation

b) Finite volume � ow solver grid

Fig. 1 Grids used in conjugate study of blunted wedge.

Supersonic Diffuser

Instrument

Nozzl

Test
Section

Fig. 2 Supersonic wind tunnel.

w (T ) =
1
k0

* T

T0

k(T ) dT + w 0 (17)

where k0 = k(T0) and w 0 is an arbitrary reference value. This clas-
sical transformation reduces the diffusion equation to

r ¢ (k0 r w ) =
k0

a( w )
@ w

@t
(18)

where a( w ) = k( w ) / q ( w )c( w ). In steady state, the transformation
linearizes the governing equation; however, in the transient case,
the nonlinearity is not completely eliminated. By the using of the
reference thermal conductivity in evaluating the fundamental solu-
tion T ¤ (x , n ), a dual reciprocity equation of the form of Eq. (16) is
obtained for the new dependent variable w and its normal deriva-
tive. However, as the left-hand side of Eq. (12) is replaced by
k0 /a( w )@ w / @t , the capacitancematrix C implicitly depends on the
variable w , and it is rede� ned as

C = ¡ {G P ¡ H U }F ¡ 1 D (19)

where D is a diagonalmatrix whose elementsarek0 / a( w ) evaluated
at each collocationpoint. Thus, the time-accuratediffusionsolution
in this case requires a sublevel iteration at each time level in which
the capacitancematrix is updated.Brebbia and Nowak25 discuss the
details of a Newton–Raphson method for this step. The DRBEM
code used in this work has been thoroughly tested, and results of
heatconductionanalysisare reportedby Rahaim26; extensionsof the
DRBEM code to the solution of incompressible � ows in unheated
and heated channels are also reported by Rahaim and Kassab.27 ¡ 29

A typical BEM surface grid used to solve heat conduction for the
CHT problem over a two-dimensionalblunted wedge consideredin
this study is shown in Fig. 1a along with the corresponding FVM
mesh used for the NS solution that is displayed in Fig. 1b.

DRBEM/FVM Conjugate Code

Two conjugateFVM/BEM codes were developedfrom this study,
and they are identi� ed as DRBEM/GASP and DRBEM/NASFLO,
inasmuch as the � rst couples GASP with the DRBEM code de-
scribed earlier, and the second couples NASFLO with the DRBEM
code. Coupling of the two � elds is accomplishedby enforcing inter-
face continuity of heat � ux and temperature at each time step. The
general procedure followed for the coupling of the � ow solver and
heat conduction solver is outlined as follows:
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Fig. 3 Schlieren visualizationsystem con� gurationwith schlieren pho-
tograph of the calibration sharp nose cone (left) and the blunted wedge
(right) under settings used in the experiments.

a) Fully instrumented model

b) Dimensions (in.) and tap locations

Fig. 4 Blunted wedge model.

1) By use of the CFD code, for a given solid region surface tem-
perature distribution, solve for the current � ow� eld conditions.

2) Send the heat transfer code the newly calculated values of
� ow� eld variables.

3) Calculate the surface heat � ux value for the solid region and
set this as the boundary condition for solution of the temperature
� eld of the solid body.

4) Use the DRBEM to calculate the new temperature � eld for the
solid body including a new surface temperature distribution.

5) Send the CFD code the new surface temperature distribution.
6) Repeat steps 1–5 for each time step.
Note that the CFD code is the limiting factor in time-accurate

computations.For instance,a time-accuratesolutionrequired a time
step of D t = 10 ¡ 5 s in the simulations to be reported. Once the ma-
trix equations are assembled, each BEM run requires the solution
of a linear algebraic set whose dimension is the number of nodes
used to discretize the surface. In the cases to be reported, the lin-
ear set is 50 £ 50, which is readily solved by a direct lower/upper
(LU) decomposition. Furthermore, as the LU factors are available
after the � rst step, subsequent conduction solutions are obtained by
simple forward and backward substitution at each time step. Thus,
the computational burden of the CHT algorithm described earlier
is predominantly due to the CFD solution, whereas the DRBEM
conduction solution places a miminal burden on the process. This
completes the descriptionof the CHT solver. Attention is now given
to experiments carried out to generate heat transfer data that are to
be used for conjugate code validation.
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Experimental System
The three wind-tunnel models used to obtain transient data us-

ing the high-speed wind-tunnel facility at UCF are a 10-deg sharp
cone, a two-dimensional 12.5-deg blunted wedge, and a three-
dimensional 12.5-deg blunted cone cylindrical con� guration. The
sharp nose cone was instrumented with pressure taps, whereas the
blunt nose test models were instrumented with thermocouples and
pressure taps. Test runs were performed at several Mach numbers to
trace transient temperature within and pressures over the test mod-
els. In the following sections, the facilities used, construction of

Fig. 5 Pressure readings from data acquisition system during the
sharp cone model wind-tunnel test.

Fig. 6 Pressure readings from data acquisition system during the
blunted cone model wind-tunnel test.

a) DRBEM and FVM grids used in CHT problem over a � at plate

b) Comparisons of conjugate code predicted temperatures with experimental results

Fig. 7 Comparison of temperature pro� le at x = 1 m under M = 4.0 � ow conditions.

the wind-tunnel models, model instrumentation, and experimental
procedure are discussed.

Facilities

The UCF supersonic testing facilities include a high-speed wind
tunnel, a visualization system, and a data acquisition system. The
high-speedwind tunnel is a 4-in. supersonicconventionalblowdown
single-passdesigncapableof generatingMach numbers in the range
of 1.5–5.0. The blowdown air is supplied from a compressor/storage
tank combination. A 150-hp two-stage compressor regulated at a
maximum pressure of 220 psi supplies air to a 329-ft3 storage tank.
An automatic feedback system between the stilling chamber and
the main 4-in. double-ported control valve is used to regulate the
stagnation pressure supplied to the tunnel. A � exible nozzle is used
to vary the entrancearea of the test section.A view of the supersonic
wind tunnel is provided in Fig. 2.

A continuous slit source schlieren optical system was used to
visualize the � ow in the test section. The system consists of a
1000-W BH6 mercury vapor light source, two 6-in., 48-in. focal
length parabolic mirrors, a � at mirror, a knife edge, and a viewing
screen. A diagram showing the schlieren system setup is in Fig. 3,
along with a schlierenphotographshowing a bow shock on the two-
dimensional blunted wedge model during a Mach 3 run. A number
of photographs and a videotape were taken during the course of
experiments for later comparison with CFD results.

A personal computer-based data acquisition system was used to
acquire data from the model instrumentation and to keep track of
the tunnel stagnation temperature. This system consists of a 100-
MHz Pentium personal computer with a 1.2-GB HD and an A/D
board with an expansion chassis. The ADAC Corporation 5525MF
A/D high-speed board with high-level 16-channelmultiplexed A/D
converterwith programmablegain was interfaced with the personal
computer via an open industry standard architecture bus slot. The
expansion chassis connects to the 5525MF A/D board via a 50-pin
ribbon cable. This expansionchassis providesan additional16 fully
differential analog inputs capable of holding a number of differ-
ent signal conditioningmodules. The module used in the expansion
chassis was an ADAC Corporation 4012TCEX. This module pro-
vides for low-level input, as well as thermocouple input with cold
junction. LabTech Notebook version 8.01 for windows was used to
operate the A/D board and to gather data.

Wind-Tunnel Models

Three wind-tunnel models were used. These models included
a sharp cone, a blunted wedge, and a blunted cone cylinder. The
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sharp cone was supplied with the wind tunnel as a standard test
model to characterize the � ow� eld. The blunted wedge was con-
structed of 6064-T6 aluminum, for which the material properties
are k = 167 W/mK, q =2790 kg/m3, and c =883 J/kgK. A photo-
graph of the instrumentedblunted wedge model is shown in Fig. 4a,
and the blunted wedge dimensions are provided in Fig. 4b. The
third model was a blunted-conecylinder con� gurationinstrumented
with heating elements. The blunted cone cylinder model was con-
structed of 2024 aluminum, for which the material properties are
k = 177 W/mK, q =2770 kg/m3, and c = 875 J/kgK. Dimensions,
tap and thermocouple locations, and a photograph of the cone can
be found in Ref. 26.

Instrumentation

All three models were instrumented to measure pressures and/or
temperatures. The sharp cone model was only instrumented with
surface pressure taps. A series of pitot tubes, connected to the sur-
face pressure taps, lead out of the model through the sting. Surface
pressureswere read using MotorolaMPX700 series uncompensated
silicon pressure sensors. This pressure sensor is capable of measur-
ing from 0 to 100 psi. The millivolt signal output by the sensor is
a linear voltage output that is directly proportional to the applied
pressure. The output voltage of the sensor was connected to the
4012TCEX module for continuous data sampling during the wind-
tunnel run. The blunted wedge and blunted cone models used were
instrumentedwith both surfacepressuretapsand type-Kthermocou-
ples of 0.020-in.diameter.Locationsof the surfacepressuretaps and
thermocouples for the blunted wedge are shown in Fig. 4. The pitot

Fig. 8 Comparison of Nusselt number for turbulent supersonic � ow
over a � at plate with M = 2.0.

a) Geometry and grids used to model CHT in laminar duct � ow problem

b) Comparison of nondimensionalwall temperature predictions

Fig. 9 Comparison of DRBEM/GASP and DRBEM/NASFLO nondimensional wall temperature predictions for conjugate heat transfer in laminar
duct � ow with M = 0.2.

tubes, thermocouples, and heaters were attached to the aluminum
models using a high-temperature, thermal conductive epoxy. The
thermocouples were mounted in the interior of the model so that
temperatures recorded in the experiments could be compared with
temperatures predicted by the DRBEM/FVM conjugate code. The
thermocoupleswere connected to the 4012TCEX module and sam-
pled against the cold junction for continuous temperature readings
during the wind-tunnel run. The surface pressure was measured in
the same manner as was outlined for the cone.

Experimental Procedure

Because the purpose of the experimental effort was to gather ex-
perimental data to be used to validate the computational results, it
is imperative to know the � ow conditions. The necessary parame-
ters for numerical modeling of the experiment can be obtained by
characterizingthe � ow� eld. Parameters required in numerical mod-
eling are the stagnation pressure, stagnationtemperature, and Mach
number. The stagnation pressure was read from the pressure gauge
located on the instrumentationconsole of the wind tunnel. The stag-
nation temperature was measured during the wind-tunnel run using
a type-K thermocouple mounted in the settling chamber.

The last parameterneededfor accurate numericalmodeling is the
test section Mach number. Three methods were used to determine
the Mach number: 1) measurement of the freestream or wall static
pressure and comparison to the tunnel stagnation pressure using the
Rayleigh pitot formula, 2) measurement of shock wave angle of
a sharp cone and comparison of the angle to cone theory, and 3)
measurement of the stagnation pressure downstream of the shock
formed ahead of the model and comparison with the tunnel stagna-
tion pressure. The 10-deg cone model was used � rst. After setting
up the instrumentation and calibrating the pressure readings, one
channel was connected to the surface tap located 1.280 in. from
the front of the model to read surface pressure. A second channel
was connected to a static tap located on the lower wind-tunnel wall
aligned with the front of the test section. The pressure data are given
in Fig. 5. Taking the static pressure tap data and comparing to the
total pressure of the stilling chamber gives a Mach number of 3.03.
Shockwave angleoff the cone is measuredas 22 deg froma schlieren
photograph(see lower left of Fig. 3), which gives a Mach number of
3.1. Next, calculating the cone surface pressure based on this Mach
number leads to a static pressure value of 18,995 Pa. Examination
of Fig. 5 indicates that this value is within 16% of the measured
value. Comparison of the measured wall static pressure (11,997 Pa)
with the wind-tunnel console gauges (12,273 Pa) determined that
the data acquisitionsystem and console gauge had a margin of error
less than 2%.
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a) Thermocouple located at 2.9 in.

b) Thermocouple located at 1.25 in.

c) Thermocouple located at 0.88 in.

Fig. 10 Comparisonof conjugatetransient temperature predictionswith experimentalresults for the bluntedwedge modelatM = 3.03� owconditions.



RAHAIM, KASSAB, AND CAVALLERI 35

By using the Mach number value of 3.03 and by knowing the total
pressure and temperature, the wind-tunnel � ow characteristics can
be summarized as given in Table 1. By the use of these conditions
as input, a computational run using GASP was made for the sharp
cone model. In this run, a Baldwin–Lomax turbulence model was
usedwith Van Leer � ux-vectorsplit andmin-modlimiter.The results
showed a surfacepressureof 18,891Pa. This resultservesto con� rm
measured wind-tunnel values.

Finally, the axially symmetric blunt cone cylinder model was
used as an additional veri� cation of � ow� eld conditions.The blunt
nose is instrumented with a pressure tap. An accurate measure of
the Mach number can be obtained by comparing the total pressure
behind the shock with the total pressure forward of the shock. One
channel of the instrumentation was connected to the total pressure
tap, and a second channel was connected to the surface pressure tap
located 1.80 in. from the back surface of the blunt cone cylinder. A
trace showing the measured pressures is given in Fig. 6. Comparing
the stagnation pressure of the nose with the stilling chamber gives

Table 1 Wind tunnel conditions used
for numerical modeling M = 3.03

Total/stagnation Static

T0 = 293.15 K T = 103.32 K
P0 = 468,860 Pa P = 12,185 Pa
q 0 = 5.5727 kg/m3 q = 0.4109 kg/m3

Fig. 11 Pressure trace from experimental data over length of wind-tunnel run compared with solution of coupled code for M = 3.03.

Fig. 12 Pressure trace from experimental data for tap at 1.76 in. over length of wind-tunnel run compared with solution of coupled code for M = 3.03.

a Mach number of 2.96. Good agreement between all three meth-
ods establishes the validity of the � ow conditions listed in Table 1.
Results of veri� cation studies of the DRBEM/FVM conjugate al-
gorithm are now presented.

Coupled DRBEM/FVM Transient Conjugate
Code Veri� cation

The � rst veri� cation of the DRBEM/FVM codes was made for
steady-stateconditionsfor which data are available for comparison.
Here, the conjugatecode is marched in time until the variables con-
verge to steady conditions. The � rst case considered is � ow over a
very thin aluminum � at plate with an imposed isothermal bound-
ary condition at the lower surface. The geometry and FVM and
DRBEM grids are shown in Fig. 7a. For this case, the � ow Mach
number was 4.0, with freestream pressure of 0.01 atm and a static
temperature of 300 K. These conditions give a Reynolds number
of 88,535 based on the length of the � at plate, ensuring a laminar
� ow regime over the length of the plate. The temperatureapplied to
the underside of the plate was 300 K. The results for this case are
shown in Fig. 7b, with very good agreement with results reported
by Schetz30 for � ow over an isothermal � at plate. Next, to validate
CHT modeling capabilitiesof the DRBEM/FVM codes in turbulent
� ow, both versions were used with the Baldwin–Lomax18 model to
predict the Nusselt number for turbulent � ow over a � at plate. The
geometry and grids were the same as those shown in Fig. 7a. The
� ow conditionswere a Mach number of 2.0, a freestream density of
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1.16 kg/m3, and a stagnation temperature of 540 K. In this case, the
back side of the � at plate was also maintained at constant tempera-
ture of 300 K. Conjugate code-computedNusselt distributionsover
the � at plate are compared in Fig. 8 with those reported by Schetz.30

Here again, both codes provide good predictions. Finally, a CHT
problem in a laminar duct is considered.The geometry used for this
case is shown in Fig. 9a, with only one-half of the duct displayed.
The in� ow conditions used in this example were M =0.2 with a
temperature of 300 K. The back side of the solid region, TB , was
maintained at 320 K. The thermal conductivity of the � owing gas
was that of air at 300 K, which is 0.02617 W/mK, and the thermal
conductivityof the solid region was taken as 0.2617 W/mK. Results
for this case are shown in Fig. 9b compared with the analytical so-

a) Partial � ow� eld domain and solid body outline showing initial temperatures for t = 0 s

b) Partial � ow� eld domain and solid body contours of temperature for t = 5.4 s
Fig. 13 Conjugate study showing temperature at t = 0 and 5.4. s.

lution of Pozzi and Lupo31 and a computational solution of Imlay
et al.4 Here the position down the duct is given as a nondimensional
value, where x is the dimensionalhorizontalposition.The results of
the present code are in excellent agreement with published results
for the solid/� uid interface temperature Tw . Now that the conjugate
code results for steady-state analysis are veri� ed, attention is given
to transient problem veri� cation.

We now report on results from numerical simulationsof the high-
speed wind-tunnel tests for the blunted wedge model that were per-
formed using the � ow conditions given in Table 1. The blunted
wedge was heated uniformly to a temperature of 359 K, as indi-
cated by all three thermocouples.Subsequentlythe wind tunnel was
started to establish the � ow conditions reported in Table 1, and the
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blunted wedge was allowed to cool. Temperature traces obtained
from the three thermocouplesinstalled in the wedge along with cor-
responding temperature predictions from both versions of the cou-
pled DRBEM/FVM conjugate code are provided in Figs. 10a–10c.
Examination of Figs. 10 reveals that both conjugate codes are cap-
turing the trend and magnitude of the data, with the GASP version
givingcloser results to experimentalvalues.Figure 11 shows a pres-
sure trace for the stagnation pressure tap and the surface pressure
tap located 2.54 in. from the backsurface of the model. Figure 12
shows a pressuretrace for the stagnationpressuretap and the surface
pressure tap located at 1.76 in. from the back surface of the model.
Both coupled code versionspredicta stagnationpressureof 160,000
Pa; however, experimental measurement is nearly 30,000 Pa higher
than the coupled code prediction. Further, the two runs reported in
Figs. 11 and 12 reveal consistentresults for the stagnationpressures.
An explanation for the higher experimental value of the stagnation
pressure is provided by consideration of the width of the wedge
relative to the test section. In particular, end effects were signif-
icant because the wedge model was relatively wide, 75% of the
test section width, in comparison to the wind-tunnel test section.
In comparing the static pressure tap located at 2.54 in. from the
back surface with the 50,000-Pa value reported by the coupled code
solution, here again this value is off by 30,000 Pa. Comparison
of the data for the pressure tap located at 1.76 in. from the back
surface with the coupled code solution of 50,000 Pa reveals very
good agreement. This is because the pressure tap is located more
along the centerline of the model and far enough up the wedge
front to be unaffected by slight imperfections in the geometry of
the nose region or by edge effects. In general except for the edge
effects, the coupled code solutions show good agreement with the
experimental results obtained for the blunted wedge model. Thus,
although the pressure distribution was not accurately predicted by
the coupled code (wall affects were not modeled), this had a small
impact on heat transfer predictions at the centerline, where temper-
atures were measured. Finally, Fig. 13 presents the complete static
temperature � eld of both � uid and solid regions for a represen-
tative time t =5.4 s. Also in Fig. 13 are the geometry and intial
temperatures.

Conclusions
A coupled DRBEM/FVM algorithm was developed for the so-

lution of transient conjugate heat transfer problems. The algorithm
avoids meshing of the solid by combining the DRBEM with an
FVM � ow solver. The boundary-onlydiscretizationrequired by the
DRBEM affords a distinct advantage over domain meshing tech-
niques currently proposed for CHT analysis. This is particularly
true when the solid geometry is intricate, for example, in cooled tur-
bine blade passage, where maintaining grid othogonalityat the wall
for accurate wall � ux computations is an onerous task. Further, in
the DRBEM, the wall heat � ux is computed as part of the solution,
in contrast to domain meshing methods in which the wall � ux is
computed in postprocessingby numerical differentiation.Two cou-
pled codes were discussed:The � rst couples GASP to DRBEM, and
the second couples an in-house FVM code to DRBEM. Both FVM
codes are implicit and were run using the same Baldwin–Lomax tur-
bulence model and min-mod � ux limiter. Veri� cation of the coupled
CHT codeswas providedunder steady-stateconditionsfor � ow over
a � at plate and in a channel. This paper has also presented details of
wind-tunnel experiments that were conducted to gather experimen-
tal transient heat transfer data for veri� cation of the transient CHT
codes. Wind-tunnel models were fully instrumented to gather both
pressureand temperaturedata.The two coupledDRBEM/FVM con-
jugatecodes were tested, and experimentaldata were shown to be in
agreement with numerical predictions, thus verifying the proposed
DRBEM/FVM approach to solving time accurate CHT problems.
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